This study tests the existence of periodically collapsing speculative bubbles in the Tunisian stock market. We use the Phillips, Wu, and Yu (2011) and Phillips, Shi, and Yu (2015) approaches, based on right-tailed unit root tests, in order to explore the existence and to date-stamp the origination and termination of bubbles. An empirical application was conducted in the Tunisian stock market, using monthly data on stock price-dividend ratio, for the period running from January 2004 to December 2014. The empirical findings provide evidence for the existence of exuberance in the Tunisian stock market over the period and date-stamp its origination and collapse.
Introduction
The latest decades have seen a dramatic sequence of stocks market crises. This succession of stock market crises intrigues more and more specialists, theoreticians and practitioners. These latter are still trying to identify the causes of these crises and to analyze these complex phenomena in order to mitigate their harmful consequences on the economy, either by avoiding them or by reducing their scale. One of the interpretations to which researchers focuse to explain the occurrence of stock market crises, the most advanced but also the most controversial is the bursting of speculative bubble.
According to Kindleberger (1991) , bubble is -a sharp rise in price of an asset or a range of assets in a continuous process, with the initial rise generating expectations of further rises and attracting new buyers -generally speculators, interested in profits from trading in the asset rather than its use or earning capacity. The rise is usually followed by a reversal of expectations and a sharp decline in price often resulting in financial crisis‖. The academic literature, has not found consensus about the explanation of bubble phenomena. Some researchers, such as Fama (2010) (Note 1), have even questioned the existence of speculative bubbles. Others agree that any significant deviation of price of an asset from its fundamental value reflects the presence of a bubble. (Blanchard, 1979; Blanchard & Watson, 1982; Shiller, 1984; Summers, 1986; Camerer, 1989; Cutler et al., 1991) .
Since the early 1980s, several theories have been developed to understand the bubble phenomena. The first bubble models emerged in the literature were proposed by Blanchard (1979) and Blanchard and Watson (1982) . Blanchard (1979) proposed a deterministic bubble model that displays an explosive behavior. Blanchard and Watson (1982) generalize that model and suggest a rational stochastic model which allows bubble to burst and restart repeatedly. These models consider that the rationality of both behaviour and of expectation can explain the deviations of the price from the fundamental value. Some authors such as Shiller (1984) , Summers (1986) and Camerer (1989) attribute the bubbles to the irrationality of investors. In these models, some social psychological phenomena are introduced as irrational factors to explain price bubble.
Since the contribution of Blanchard (1979) and Blanchard and Watson (1982) , the academic literature that focuses on rational bubbles has been enriched by the contribution of many authors. Evans (1991) developed a theoretical formulation of bubbles that collapse periodically. Froot and Obstfeld (1991) suggest a specific type of rational bubbles, called -intrinsic bubbles‖, that depends exclusively on fundamental determinants (i.e. the level of dividend). detect the existence of rational speculative bubbles. The literature review revealed several econometric methods that can be used in order to investigate the existence of rational bubbles. Among these techniques, we can mention variance bound tests proposed by Shiller (1981) , specification tests developed by West (1987) , duration dependence method proposed by McQueen and Thorley (1994) and unit root and cointegration tests popularised by Diba and Grossman (1988) . Although most studies on detection of rational speculative bubbes were conducted using the cointegration tests, there is a serious limitation to these methods. Evans (1991) showed that unit root and cointegration tests are unable to detect bubbles that collapse periodically. To overcome the weaknesses associated with cointegration tests, a large number of scholars propose new methods that have some power in detecting periodically collapsing bubbles (Taylor & Peel, 1998; Van Norden, 1996; Van Norden & Vigfusson, 1998; Driffil & Sola, 1998; and Hall et al., 1999) .
In recent work, Phillips, Wu, and Yu (2011) (PWY (2011) hereafter) provided a new framework, named Supremum Augmented Dickey-Fuller Test (SADF), for detecting and dating rational bubbles. PWY (2011) used a forward recursive right-tailed unit root tests in order to identify explosive phase in the behavior of stock prices. The major advantage of this strategy is that it allows estimation of the origination date and the termination date of a bubble. Phillips, Shi, and Yu (2015) (PSY (2015) hereafter) extended the SADF strategy and developed the Generalized Supremum Augmented Dickey-Fuller Test (GSADF) , in order to detect explosive behavior when multiples bubbles occur in the data.
The aim of this paper is to use the approaches developed by PWY(2011) and PSY(2015) in order to detect periodically collapsing bubbles, and to date-stamp the beginning and the end of bubbles in the Tunisian stock market during the period extending from January 2004 to December 2014. To the best of our knowledge, this is the first research that implements the date-stamping strategy developed by PWY(2011) and generalized by PSY(2015) in the Tunisian stock market.
The remainder of the paper is structured as follows. In section 2, we provide a review of the literature on econometric detection of rational bubbles. Section 3 presents the data used in this study and outlines the date-stamping strategies proposed by PWY (2011) and PSY (2015) . In section 4, we present the empirical finding for the date-stamping strategies. Finally, concluding remarks are provided in section 5.
The Literature Review
An extensive empirical literature (Note 2) has emerged in order to identify the occurrence of rational speculative bubbles. A first approach to detect deviations from fundamental value, is to use the concept of volatility and to apply excess volatility tests. This approach, named variance bounds tests, was initially suggested by Shiller (1981) and Leroy and Porter (1981) to validate the Efficient Market Hypothesis. It can also be used to detect the presence of rational speculative bubbles. The basic idea of this approach is that, in the presence of rational bubbles, the variance of the observed price will be higher than the variance of the fundamental value. West (1987) proposes an other method, the two-step test, for the detection of rational bubbles. This method compares two alternative estimators of the underlying asset pricing model. The first set of estimates contains a bubble factor, whereas the second set contains no bubble factor. A Hausman (1978) type specification test is then used for testing equality of the two sets of estimates. Under the null hypothesis of no bubbles, the two estimates obtained should be equal, while the null hypothesis of no bubbles is rejected when there is no discrepancy between the two estimates.
Another popular method used for detection of asset price bubbles, was proposed by Diba and Grossman (1988) . These authors applied the concept of cointegration, introduced initially by Granger (1986) and Engle and Granger (1987) , to identify the existence of a long-run equilibrium relationship between stock market prices and the fundamental value. If two series are cointegrated, then they cannot drift apart indefinitely and they must satisfy long-run equilibrium relationship. The presence of a long-run relationship between prices and dividends implies that the stock prices and the fundamental value are cointegrated which indicates that there are no bubbles. In contrast, a non stationary deviation between theses series is considered as the evidence for no cointegration of stocks prices and dividends. The null hypothesis of no rational bubbles in assets prices is then rejected. Diba and Grossman (1988) implement test for cointegration in stock prices and dividends using annual data for Standard and Poor's 500 index. They find strong evidence in favour of the cointegration of stock prices and dividendsinconsistent with rational bubbles.
Many scholars have applied unit root and cointegration in different stock markets to investigate the existence of rational bubbles. For example, Froot and Obstfeld (1991) applied a unit root test in price-dividend ratio using Standard and Poor's 500 index data from 1900 to 1988. By adopting the methodology of Phillips and Perron (1988) , these authors' reports evidence in favour of rational bubbles. Brooks and Katsaris (2003) Vol. 11, No. 8; divergence between stock prices and their fundamental values on the London Stock Exchange over the period 1965-1999. They explain this divergence by the presence of speculative bubbles. The study of Boubaker et al. (2007) investigate the bubble phenomena using data for ten companies listed on the Tunisian stock market over the period 1971-2005 using the unit root and cointegration tests. The Augmented Dickey-Fuller (Dickey and Fuller, 1981) and Philips-Perron (Philips & Perron, 1988 ) stationarity tests reject the bubble hypothesis, while the cointegration test of Engle and Granger (1987) provides evidence in favour of rational bubbles.
Although cointegration tests have been widely used by many of authors, Evans (1991) pointed that these tests fail to detect explosive bubbles when the sample includes periodically collapsing bubbles. Using simulated data, he showed that the unit root and cointegration tests have low power in detecting periodically collapsing bubbles. Since the publication of Evans' paper (1991) , the empirical literature has been constantly enriched by new tests for the detection of rational speculative bubbles in order to overcome shortcomings of cointegration tests to detect periodically collapsing bubbles. For example, Taylor and Peel (1998) suggest a robust test for non-cointegration which may be more appropriate for bubbles that collapse periodically. Van Norden (1996) and Van Norden and Shaller (1999) suggest using a regime switching model. Hall et al. (1999) propose an approach based on a generalization of Dickey-Fuller test which makes use of a class of Markov regime-switching models. Bohl (2003) implements the momentum threshold autoregressive (MTAR) model developed by Enders and Granger (1998) , and Enders and Siklos (2001) to detect empirically the existence of periodically collapsing bubbles.
Recently, PWY (2011) have proposed a novel approach, named "Supremum Augmented Dickey-Fuller Test" (SADF) , to deal with the deficiencies of cointegration tests in order to testing bubble phenomena. The originality of the approach lies in the fact that it allows not only to detect the presence of exuberance in the data but also to date-stamp the origination and termination of exuberance periods. PWY(2011) implements the right-tailed unit root tests repeatedly on a forward expanding sequence to identify explosive behavior in stock prices. The empirical study conducted by PWY (2011) to the Nasdaq index in the 1990s, corroborates the existence of exuberance and date-stamps its origination and termination. Homm and Breitung (2012) compare several strategies for the detection of speculative bubbles. They show that the strategy proposed by PWY (2011) is the most reliable in detecting periodically collapsing bubbles.
A drawback of the PWY (2011) strategy is that it is effective only when the sample data period includes a single bubble episode. To overcome this weakness, PSY (2015) generalise the SADF approach and propose the "Generalized Supremum Augmented Dickey-Fuller" test (GSADF) to account for the presence of multiple bubbles in the sample. The GSADF approach is also based on recursive unit root tests to detect periodically collapsing bubbles. PSY (2015) conducted an empirical application on the Standard and Poor's 500 price-dividend ratio for the period between January 1871 and December 2010 to detect and to identify points of origination and collapse of bubbles. This dating strategy has identified well-known historical episodes of bubbles. The episodes of exuberance identified include the banking panic of 1907, the 1987 stock market crash, the great crash of 1929, the postwar boom in 1954, the Black Monday in October 1987, the so-called dot-com bubble (1995) (1996) (1997) (1998) (1999) (2000) (2001) and the mortgage crisis known as the subprime crisis (2008) (2009) . In contrast, the SADF approach identifies only two episodes of bubbles over the same period: the financial panic of 1873 and the dot-com bubble.
Different research studies were conducted using the SADF and the GSADF strategies to identify episodes of exuberance in the stock markets. Chang et al. (2014) apply the GSADF strategy to test if there are multiple bubbles in the BRICS (Brazil, Russia, India, China and South Africa) stock markets. The results indicate that there are several bubbles on the BRICS stock markets and the dates of bubble correspond to particular events in the stock markets of these countries. Wang (2014) also adopt the methodology of PSY (2015) to detect the explosive periods in the price and dividend indexes. The sample includes 20 emerging countries for the period running from 1995 to 2014. Looking first at the MSCI (Morgan Stanley Capital International) emerging markets overall index, the authors identified two episodes of explosiveness in the middle 2000s. The results of tests conducted on the individual markets, show a strong evidence for exuberance periods among the majority of stock markets. Liu et al (2016) also used the SADF and GSADF tests to detect the presence of speculative bubbles on the Shanghai Stock Exchange. The GSADF test results confirm the two major episodes of exuberance and collapse in the Shanghai Stock Exchange, while the SADF test identifies a single bubble. The results suggest that the GSADF test is more powerful for the detection of multiple bubbles.
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Data and Methodology

Data
The empirical study conducted focuses on the Tunisian stock market. The data comprise the Tunisian stock index, 
To calculate the dividend yield, we followed the procedure adopted by Datastream. The dividend yield is, then, obtained by the ratio between the total amount of dividends paid by companies and the total market capitalizations of companies included in the Tunindex. Thus, the dividend yield was calculated using the following expression:
where:
: dividend yield at period t; : dividend per share at period t; : number of shares in issue at period t; : price at period t; : number of constituents in index.
All of the data used to calculate the dividend index were collected from the annual reports of the Tunisia Stock Exchange. The series of the stock market index and dividend index are deflated using the consumer price index, which is obtained, from the Financial Statistics of the Central Bank of Tunisia. For the empirical investigation, we use price-dividend ratio as PSY (2015).
Methodolgy
In this study we apply a recursive test procedure suggested by PWY(2011) and generalized by PSY (2015). These methods are based on recursive unit root tests and can detect the date of occurrence of speculative bubbles and the date of their bursting.
The PWY Test (2011): The Supremum Augmented Dickey-Fuller Test (SADF)
The procedure suggested by PWY (2011) is based on recursive estimates of the Dickey and Fuller tests. The empirical specification used is the following Augmented Dickey-Fuller (ADF) regression:
where denotes the time series, is the intercept, is the autogressive coefficient, is the maximum number of lags, Δ is the difference operator, for = 1, … , are the differenced lags coefficients and is the error term.
Unit root tests are commonly used to determine whether a time series is stationary using an autoregressive model as given by the expression (3). This equation is used to test the null hypothesis of a unit root against the alternative hypothesis of stationarity. In contrast the Augmented Supremum Dickey-Fuller (SADF) test, proposed by PWY (2011), is a right-tailed unit root where the null hypothesis is the existence of a unit root against the alternative hypothesis of mildly explosive behavior in . Formelly in the test, the null hypothesis of unit root test is 0 : = 1 (absence of bubbles), while the alternative hypothesis is 0 : > 1 (presence of bubbles).
In the approach proposed by PWY(2011), the right-tailed ADF statistics are calculated in multiple recursive regressions on different subsamples. Each subsample starts with initital observation, while the last observation varies. Formelly, let 1 and 2 represent respectively the fraction starting and ending point of the sample ( 1 and 2 are such that 0 < 1 < 2 < 1). The window size of the regression, defined by = 2 − 1 , varies from the fixed initial window 0 to the total sample. The PWY (2011) test involves implementation of ADF test on a forward expanding sample sequence. The SADF statistic is obtained as the supremum value of corresponding ADF statistic obtained from equation (3).
Thus, the SADF test is defined as follows:
In order to detect explosive behavior in the series, the supremum value of the ADF statistics obtained is compared with the right tailed critical values of its limit distribution which is given by: 
Where ⌊ 2 ⌋ is the 100(1 − )% critical value of the standard ADF statistic based on ⌊ 2 ⌋ observations. 3.2.2 The PSY Test (2015): The Generalized Supremum Augmented Dickey-Fuller Test (GSADF) The SADF dating strategy can be inconsistant when the sample contains more than one episode of exuberance. To overcome this weakness, PSY (2015) propose a generalized version of the SADF, named the generalized supremum Augmented Dickey-Fuller (GSADF) test, for testing explosive behavior in the series, date-stamping the origination and collpase when they may be multiple bubbles in the data. The GSADF test is also based on the recursive implementation of a right-tailed ADF tests; however, it extends the sample sequence to a more flexible range. The GSADF test differs from the SADF test by allowing more flexible window widths. Unlike the SADF test which fixes the starting point, 1 , as the first observation of the sample, the GSADF allows the starting point to vary within the range [0, 2 − 0 ]. PSY (2015) have shown that the modified version of SADF test, which cover more subsamples, is more efficient than the SADF test in detecting explosive behavior when multiple bubbles occur in the data. PSY (2015) define the GSADF statistic as the supremum value of ADF statistic over all feasible ranges of 1 and 2 . Formelly, This statistic is defined as:
Under the null hypothesis, the limit distribution of the GSADF statistic is given by:
According to the GSADF approach proposed by PSY (2015) , the first step in dating bubble is to test the unit root hypothesis by comparing ( 0 ) to the (1 − ) critical value. is the nominal significance level. The second step of the procedure is to identify periods of explosive behavior in the series, if the null hypothesis is rejected in the GSADF test. PSY (2015) recommended a date-stamping strategy that is based on backward sup ADF (BSADF) statistic, defined as:
The origination date of the period of exuberance corresponds to the first chronological observation whose BSADF statistic exceeds the critical value:
The estimation termination date of the bubble is defined as the first observation in which the BSADF sequence crosses the corresponding critical value from above:
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International Journal of Economics and Finance Vol. 11, No. 8; Where ⌊ 2 ⌋ is the 100(1 − )% critical value of the standard ADF statistic based on ⌊ 2 ⌋ observations. Since the distributions of both the ( 0 ) and ( 0 ) are non-standard, the critical values must be obtained by Monte Carlo simulations. The Monte Carlo procedure is based on the following steps: 1) Generate a random walk series with an asymptotically negligible drift of size T.
2) Estimate equation (3) using least squares.
3) Compute the SADF and GSADF statistics. 4) Repeat steps 1-3 a large number of times (2000 replications), to obtain distributions of SADF and GSADF statistics.
5) The 100(1 − )% critical value of each test statistic, derived using Monte Carlo simulation, is given by the 100 (1 − ) percentile of the corresponding distributions obtained in step 4.
Results and Discussion
We use the SADF test and the GSADF test to detect periodically speculative bubbles and to estimate the origination and termination dates of bubbles in the Tunisian stock market. Following PSY (2015), we use the price-dividend ratio, for the period extending from January 2004 to December 2014.
The results of the SADF test are presented in Table 1 . The latter reproduces the SADF statistic and the corresponding 90%, 95% and 99% critical values. These critical values are derived by Monte Carlo simulation with a number of replications of 2000. The initial window was fixed at 13 observations which correspond to approximately 10% of the sample size. Table 1 shows that the SADF statistic exceeds the 1% right tailed critical values (i.e. 2.37 > 2.09). This result indicates that we cannot reject the null hypothesis of absence of speculative bubbles and therefore there were significant evidence of exuberance of the Tunindex price-dividend ratio. We conclude from SADF test that the Tunisian stock market is affected by the presence of periodically collapsing bubbles for the period between January 2004 and December 2014.
To date-stamp the episodes of exuberance in stock prices, the SADF statistics sequence is compared to the 95% SADF critical values sequence. Figure 1 displays graphically the results from the SADF test over the sample period. The graph shows two periods of explosivity (grey areas) and identifies their starting and ending points. Vol. 11, No. 8; These results are interesting at first glance, however they seem to be insufficient because they do not disclose the period of turbulence experienced by the Tunisian stock market during the pre and post revolution period (i.e. 2010-2011) . PSY (2015) argue, when there may be multiple bubbles in the data, the SADF strategy may suffer from reduced discriminatory power and than fails to detect the existence of bubbles.
The application of the PSY (2015) method allows us to overcome the weakness associated with the SADF procedure. Table 3 displays the results from the GSADF test. The value of the GSADF statistic obtained from sample data, which is 4.00, is greater than the critical value (3.58) at the 10% significance level. The result shows that the null hypothesis of no explosive behavior in the price-dividend ratio should be rejected at 10% level. We conclude that the Tunisian stock market is caracterised by periodically collapsing speculative bubbles over the sample period. Figure 8 displays results for the date-stamping procedure based on the GSADF test. It shows that the two explosive periods detected by the SADF method were grouped into a single episode. This strategy also identifies two other episodes of explosiveness and collapse. Table 4 summarizes the origination date and the collapse date of explosive bubbles using the GSADF strategy. The GSADF procedure allows us to identify a second periodically collapsing bubble that started in February 2010 and ended in December 2010. The formation of this bubble is related to speculative movement experienced by the market at the year 2010 beginning. The stock market performance of the year 2009 would probably be the origin of this speculative movement. This movement of speculation which, combined with high liquidity, can explain the origin of the formation of the bubble. The liquidity of the market was boosted by the wave of IPOs during 2010. In fact, in September 2010, Tunindex reached an historical level of 5681.39 points, i.e. an increase by about 32.8%. However, in October 2010, the announcement of a bill on the taxation of capital gains on the stock market, was badly perceived by the investors who operated significant securities sales. Thereby, a movement of panic was initiated yielding a drop of 10% in the index during the year's last quarter. Moreover, the social movements wave combined with the bad perception of this bill, led to a confidence crisis in the stock market which can explain the bubble bursting in December 2010.
The bubble between March 2012 and June 2012 had the shortest duration. The Tunindex experienced a slight recovery from February 2012, which continued until April of the same year. This upward movement can be explained by a slight economic recovery, confirmed by the statistics published by the National Institute of Statistics. This phase coincided with the date of formation bubble. For its collapse in June 2012, it could be explained by the behavior of investors in the market.
Conclusion
This study investigates the existence of rational speculative bubbles in the Tunisian stock market during the period extending from January 2004 to December 2014. We apply new econometric bubble detection strategies proposed by PWY (2011) and PSY (2015) . The major advantage of these strategies is that they allow identification of bubbles as well as estimation the beginning and the end of bubbles episodes. The empirical evidence from the application of these methods to the Tunindex price-dividend ratio confirms the existence of exuberance and date-stamps its origination and termination. The SADF strategy locates only two episodes of exuberance and collapse in the Tunisian stock market. The first bubble occurred between April 2005 and June 2006. The second bubble started in September 2006 and ended in May 2007. However, we can observe that the GSADF method groups together the two episodes of bubbles detected by the SADF method in a single episode and detect two other explosive episodes. Such results show that the GSADF approach outperform the SADF strategy in detecting periodically collapsing bubbles when multiple bubbles occur in the data.
